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Graph Decomposition

Definition (Graph decomposition)
» Graph G = (V, E)

» A decomposition D of a graph G is a collection of subgraphs of G (blocks) whose
edges partition the edge set E(G).

» One says that D is a (G,T")-design if B~T, VB € D.

Figure: (K3 2,2, K3)-design.
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Complete Graph Decomposition

(Kv, K}, )-design

decomposition of K, into cliques of size k

Figure: (K7, K3)-design.

Theorem (Kirkman, 1847)
A (K., K3)-design exists if and only if v =1,3 (mod 6)

™ = v (G4



Designs and Graph Decompositions

Remark

(Ky, Ki)-design

=

2-(v, k, 1)-design




2-designs

Definition
A 2-(v,k, 1) design is a pair (V, B) such that

> V is a set of v points;
> B is a collection of k-subsets of V' (called blocks);

» each 2-subset of V is contained in one block.

0

=
w

2 5 4

Figure: The Fano plane is 2-(7, 3, 1) design.

> 2-(v,3,1)-design exists if and only if v = 1,3 (mod 6) (Kirkman, 1847)
> 2-(v,4,1)-design exists if and only if v = 1,4 (mod 12) (Hanani, 1975)

» 2-(v,5,1)-design exists if and only if v = 1,5 (mod 20) (Hanani, 1975)
— =
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Handbook of Combinatorial Designs

» Handbook of Combinatorial Designs,
» Edited By Charles J. Colbourn, Jeffrey H. Dinitz
» Chapman & Hall, 2007, 2nd Edition

DESIGNS
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Additive 2-designs

Definition (Caggegi, Falcone, Pavone, 2017)
A design (V, B) is additive under an abelian group G if

> VCGand

> S x=0, VBeB.
reEB

=
w
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Figure: The Fano plane is additive under Zg.

» check for one block: (0,0,1) + (0,1,0) + (0,1,1) = (0,0,0)
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Additive 2-designs

Theorem (Caggegi, Falcone, Pavone, 2017)
A 2-(v, 3, 1)-design is additive if and only if:

» it is the point-line design of a projective geometry PG(n,2)
(v = 2" — 1, additive under Z1)

or

» it is the point-line design of an affine geometry AG(n, 3)
(v = 3™, additive under Z% ).

Figure: The Fano plane is PG(2, 2).
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Additive 2-designs

[Caggegi, Falcone, Pavone, 2017]

[ Parameters [ Group [ Description
2-(p™n, p™, 1) zZy™ AGy(n,p™)
2-(2" — 1,3,1) 77 PGyi(n—1,2)
p(p—1)
2-([2]q,q+1,1) Ly 2 PG1(2,q)
[Buratti, A.N., 2023, 2024]
[ Parameters [ Group | Description
2-(53,5,1) Je not  isomorphic  to
AG1(3,5)
2-(73,7,1) JIES not isomorphic  to
AG1(3,7)
2-(p",p, 1) Fpn p € {5,7}, n > 3, not
isomorphic to AGy(n, p)
T
2-([n + g, [2]q. 1) zy s PG1(n,q)
2-([n 4+ 1]q, [2]4, 1) Fg' PGi(n,q)
2-(kq™, k, 1) G x T, k Z 2 (modd), k £
23 > 12
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Additive Graph Decomposition

Definition (Buratti, Merola, A.N., 2027)

Given a simple graph I, a (K, I")-design additive under an abelian group G is a
decomposition of the graph K, into subgraphs (blocks) Bi, ..., B; all isomorphic to
T", such that

> the vertex set V(Ky) is a subset of G, and
> the sets V(Bi1),..., V(By) are zero-sum in G.

(0,0,1)

(0,1,1) (1,1,0 (L01)

Figure: Z3-additive 2-(7, 3, 1)-design and (K7, K3)-design.
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Additive Graph Decomposition

Definition (Buratti, Merola, A.N., 2027)

Given a simple graph I, a (K, I")-design additive under an abelian group G is a
decomposition of the graph K, into subgraphs (blocks) B, ..

T", such that

> the vertex set V(Ky) is a subset of G, and
> the sets V(B1),...,V(By) are zero-sum in G.

., Bt all isomorphic to

(0,0)

(1,0)
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Figure: EA(9)-additive (Ko, C4)-design.
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Coseted Design

Definition (Buratti, Merola, A.N., 2027)

> A subset of Z, or Z§ = Z, U {oo} will be said coseted if it is partitionable into
cosets of non-trivial subgroups of Z,, and possibly {oc}.

Example
> Zi2
S =1{0,1,5,6,9} = {0,6} U {1,5,9} = S; US>

»> S1 ={0,6} is the subgroup of Z12 of order 2

> S5 ={1,5,9} is a coset of the subgroup {0,4,8} of Zi2 of order 3

Definition (Buratti, Merola, A.N., 2027)

> A (K, TI')-design is coseted if we have V(K,) = Z, or Z:j_l and the vertex set
of every block is coseted.
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Coseted Design

Definition
(Ky,T')-design D is
» cyclic if V(K,) = Z, and every translation of Z,, leaves it invariant, that is to say
that the group of translations of Z, is an automorphism group of D.

» I-rotational if V(Ky) = Zy U {co} and the group of translations of Z, is an
automorphism group of D.

Proposition
A cyclic or 1-rotational (K,,T") design is coseted if and only if the vertex set of every
base block is coseted.

Theorem (Buratti, Merola, A.N., 2027)

Every coseted design is additive.

Theorem (Buratti, Merola, A.N., 2027)

There exists an additive (K, Cy)-design for any admissible pair (v, k) with v < 3k
and k odd, k not a prime.
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Additive (K21, Cy5)-design

» Take the 1-rotational (K21, C15)-design D with base cycles {A, B}

A= (00,0,3,19,5,18,6,17,7,16,8,15,9, 13, 10);
B=(0,1,19,4,5,3,8,9,7,12,13,11,16,17, 15).

> The first base cycle A is stabilized by {0,10}
> The second base cycle B is stabilized by {0,4,8,12,16}

> So we have

D={A+i|0<i<9} U {B+i|0<i<3}.
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Additive (K21, Cy5)-design

vV vYyy

v

Let us construct an additive isomorphic copy of D
Consider a prime power ¢ = 1 (mod 20); we take ¢ = 41.
Take g = 2 as generator of the subgroup G of Fy of order 20 , that is F%

Consider the map ¢ : ZJ, — G defined by ¢t (z) = 2% for every a € Zag
and ¢t (c0) = 0.

This map turns D into the isomorphic G1-rotational (K21, C15)-design ¢1 (D)
where

V(K1) =Gt =1{0,1,2,4,5,8,9, 10, 16, 18, 20, 21, 23, 25, 31, 32, 33, 36, 37, 39, 40}
and the base cycles are
A’ = ¢T(A) =(0,1,8,21,32,31,23,36,5,18,10,9, 20, 33, 40),
B' = ¢T(B) = (1,2,21, 16,32, 8,10, 20, 5,37, 33, 39, 18, 36, 9).
Thus
¢T(D)={A"-2"|0<i<9} U {B-2'|0<i<3}

is an isomorphic copy of D whose blocks are all zero-sum in Fy;.
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Additive Graph Decompositions

[Buratti, Merola, A.N., 2027]

| Parameters | Group | Description
(Ko, Ps5) EA(9)
(K9,C4) EA(9)
(K7, Py) EA(T)
(Ko, Ps) Z19
(K9, C4) Z19
(K21, Ms) Z33
(K., Py) F,, q suitable | v € {7,9,10,12, 13,15, 16, 22, 24}
(K43, Py) Z173
| Ko, Ko) [ Fee [
(Kgo, MlO) Z30 coseted
(K21, 015) Fyq1 coseted
(K18n+10, P1o) Z18n+10 1<n<9

u}
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Additive Graph Decompositions

[Buratti, Merola, A.N., 2027]

| Parameters | Group | Description
[ (Kgn, Ps) [ EA(9™) [
[ (K7n, Py) [ EA(TY) [

(Kogn,C4) EA(9™)

(Kp, Crp) EA(q) g = p", p prime, ¢ = 1
(mod kp), k € {2,3,4}

(Kp, 1) EA(q) g = p*, p prime, ¢ = 1
(mod 6), I generalized Petersen
graph of order 2p

(Kmk, Ck) Ly, X By k > 3, every prime factor of m
is also a factor of k

(Kv,Ck) Loy any admissible pair (v, k) with
v < 3k and k odd, k not a prime.

AN G g
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Open problem:

» applications of additive graph decompositions in other areas of mathematics and
computer science?

anamari.nakic@fer.hr
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Thank you for your attention!

20/20



