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Equations modeling incompressible fluid flow:

ur+u-vVu=-Vp+rAu,
divu =0.

v = 0: Euler equations, ideal/inviscid
v > 0: Navier-Stokes equations, viscous
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Equations modeling incompressible fluid flow:

ur+u-vVu=-Vp+rAu,
divu =0.

v = 0: Euler equations, ideal/inviscid
v > 0: Navier-Stokes equations, viscous
For smooth solutions have

%%/|u|2:—/u-[(u-V)u]—/u-Vp+u/u-Au

- / div(|uf2u) - / div(up) — v / Vuf?
- _y/\wyz.
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Equations modeling incompressible fluid flow:

ur+u-vVu=-Vp+rAu,
divu =0.

v = 0: Euler equations, ideal/inviscid
v > 0: Navier-Stokes equations, viscous
For smooth solutions have

;;/|u|2:—/u-[(u-V)u]—/u-Veru/u-Au

- / div(|uf2u) - / div(up) — v / Vuf?
_ _V/WU;Z.

Smooth inviscid flows (v = 0) conserve kinetic energy
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]Anomalous dissipation \ is a cornerstone of turbulence theory:
dissipation rate does not vanish: K41 0 law of turbulence;

’ inviscid dissipation ‘: related phenomena, inviscid fluid flows (v = 0)
which do not satisfy energy balance;

Turbulence <— anomalous dissipation «— irregular flows
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]Anomalous dissipation \ is a cornerstone of turbulence theory:
dissipation rate does not vanish: K41 0 law of turbulence;

’inviscid dissipation ‘: related phenomena, inviscid fluid flows (v = 0)
which do not satisfy energy balance;

Turbulence +— anomalous dissipation «— irregular flows

Onsager 1949:

@ inviscid dissipation may occur in inviscid flow with “less than 1/3
regularity”

@ inviscid flows with “more than 1/3 regularity” conserve energy

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation February 6!, 2025 4/35



\ Anomalous dissipation \ is a cornerstone of turbulence theory:
dissipation rate does not vanish: K41 0 law of turbulence;

‘ inviscid dissipation ‘: related phenomena, inviscid fluid flows (v = 0)
which do not satisfy energy balance;

Turbulence +— anomalous dissipation «— irregular flows

Onsager 1949:

@ inviscid dissipation may occur in inviscid flow with “less than 1/3
regularity”

@ inviscid flows with “more than 1/3 regularity” conserve energy

Research developed along two fronts: flexibility x rigidity

flexibility < wild solutions <+ convex integration

Concentrate on rigidity for 2D flows.
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Brief history: regularity threshold for energy balance
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Brief history: regularity threshold for energy balance

e Frisch-Sulem 1975: L H2/®;

o Eyink 1994, Constantin, E, Titi 1994: L3B}/>**.

@ State of the art — Cheskidov, Constantin, Friedlander, Shvydkoy
2008: L}By/>, 3D and 2D.

@ 2D result — Duchon, Robert 2000: initial vorticity in LP, p > 3/2,
implies conservation of energy.
Extension to p = 3/2 follows from Cheskidov, Constantin,
Friedlander, Shvydkoy. Note: velocity in L3 W 872,

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation February 6!, 2025 5/35



Brief history: regularity threshold for energy balance

e Frisch-Sulem 1975: L H2/®;

o Eyink 1994, Constantin, E, Titi 1994: L3B}/>**.

@ State of the art — Cheskidov, Constantin, Friedlander, Shvydkoy
2008: L}By/>, 3D and 2D.

@ 2D result — Duchon, Robert 2000: initial vorticity in LP, p > 3/2,
implies conservation of energy.
Extension to p = 3/2 follows from Cheskidov, Constantin,
Friedlander, Shvydkoy. Note: velocity in L3 W 872,

Kraichnan 2D turbulence theory: postulate forward enstrophy
cascade — regularizing effect in 2D
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Brief history: regularity threshold for energy balance

e Frisch-Sulem 1975: L H2/®;

e Eyink 1994, Constantin, E, Titi 1994: L}B}/>**.

@ State of the art — Cheskidov, Constantin, Friedlander, Shvydkoy
2008: L}By/>, 3D and 2D.

@ 2D result — Duchon, Robert 2000: initial vorticity in LP, p > 3/2,
implies conservation of energy.
Extension to p = 3/2 follows from Cheskidov, Constantin,
Friedlander, Shvydkoy. Note: velocity in L3 W, /2,

Kraichnan 2D turbulence theory: postulate forward enstrophy
cascade — regularizing effect in 2D

Suggests existence of dynamical mechanism preventing
anomalous dissipation in 2D even for ‘supercritical’ flows
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Scaling and Onsager-critical spaces
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Scaling and Onsager-critical spaces

Energy flux:
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions:
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UUL—LjLNT

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation February 6!, 2025 6/35



Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UUL—L/LN T=U3INT.
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces:
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Scaling and Onsager-critical spaces
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.
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Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if

115 ~ UPLNTT.

Examples of Onsager-critical spaces:
@ In3D:
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if

115 ~ UPLNTT.

Examples of Onsager-critical spaces:
e In3D: L3(dt; L2(dx)),
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if

115 ~ UPLNTT.

Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-V)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
-3 ~ UPLNTT.
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).

@ In2D:
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
-3 ~ UPLNTT.
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).

@ In2D: L3(dt; L8(dx)),
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
-3 ~ UPLNTT.
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).

e In2D: [3(dt; L5(dx)), L3(dt; W3 (dx)).
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=3N-1T.
Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
|1~ UL
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).

e In2D: [3(dt; L5(dx)), L3(dt; W3 (dx)).

@ Any dimension:
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=3N-1T.
Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
|1~ UL
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).

e In2D: [3(dt; L5(dx)), L3(dt; W2 (dx)).

e Any dimension: L3(dt; W33(dx)),
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=3N-1T.
Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if
|1~ UL
Examples of Onsager-critical spaces:
e In3D: L3(dt; L3(dx)), L3(dt; Hs(dx)).
e In2D: [3(dt; L5(dx)), L3(dt; W2 (dx)).

1
@ Any dimension: L3(dt; Ws3(dx)), L3(dt; B3 ,(dx)), 1 < p < ox.
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Scaling and Onsager-critical spaces

Energy flux: //u-[(u-v)u]dxdt.

Dimensions: UU%LN T=U3INT.

Shvydkoy introduced Onsager-critical spaces: B is Onsager-critical if

115 ~ UPLNTT.

Examples of Onsager-critical spaces:

e In3D: L3(dt; L3(dx)), | L3(dt; He(dx))|.

e In2D: L3(dt; L5(dx)), | L3(dt; W2 (dx)) |

e Any dimension: L3(dt; W33(dx)),

1
L3(dt; B3 ,(dx)), 1< p<ool
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2D flows
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2D flows
2D Euler equations on the torus T? = [0, 2]?, with initial data
Up € L2(T?):

ou+ (u-Vyu=-vVp
divu=20
u(t=0) = wp.
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2D flows

2D Euler equations on the torus T? = [0, 2]?, with initial data
Up € L2(T?):

ou+ (u-Vyu=-vVp
divu=20
u(t=0) = wp.

Initially interested in weak solutions for which vorticity w = curl u is p-th
power integrable, for some p > 1.
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2D flows

2D Euler equations on the torus T? = [0, 22, with initial data
Up € L2(T2)Z

ou+ (u-Vyu=-Vp
divu=20
u(t=0) = wp.

Initially interested in weak solutions for which vorticity w = curl u is p-th
power integrable, for some p > 1.

Note:

@ Smooth vorticity transported in 2D, LP bounds preserved by
evolution

@ wild solutions:
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2D flows

2D Euler equations on the torus T? = [0, 22, with initial data
Up € L2(T2)Z

ou+ (u-Vyu=-Vp
divu=20
u(t=0) = wp.

Initially interested in weak solutions for which vorticity w = curl u is p-th
power integrable, for some p > 1.

Note:

@ Smooth vorticity transported in 2D, LP bounds preserved by
evolution

@ wild solutions: very recent, first example of 3 with control on
integrability of vorticity
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2D flows

2D Euler equations on the torus T? = [0, 22, with initial data
Up € L2(T2)Z

ou+ (u-Vyu=-Vp
divu=20
u(t=0) = wp.

Initially interested in weak solutions for which vorticity w = curl u is p-th
power integrable, for some p > 1.

Note:

@ Smooth vorticity transported in 2D, LP bounds preserved by
evolution

@ wild solutions: very recent, first example of 3 with control on

integrability of vorticity cf. Brug¢, Colombo, Kumar, w € LP, p > 1, p
very close to 1.
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Fix T > 0. Let ug € L?(T?) sth wy = curl yp € LP(T?), some p > 1. Say
ue C(0,T; 2., (T?)) weak solution of incompressible Euler

equations, initial data uy, if w = curl u € L>°(0, T; LP(T?)) and
© for every test vector field ® € C=([0, T) x T?) such that

dive(t, -) = 0 the following identity holds true:
T
/ 6t<b-u+u-D¢>udxdt+/ ®(0,-) - updx = 0.
0 T2 T2

© For almost every t € (0, T), divu(t,-) = 0, in the sense of
distributions. |
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Fix T > 0. Let ug € L?(T?) sth wy = curl yp € LP(T?), some p > 1. Say
ue C(0,T; 2., (T?)) weak solution of incompressible Euler

equations, initial data uy, if w = curl u € L>°(0, T; LP(T?)) and
© for every test vector field ® € C=([0, T) x T?) such that

dive(t, -) = 0 the following identity holds true:
T
/ 6td>-u+u-D<Dudxdt+/ ®(0,-) - ypdx =0.
0 T2 T2

© For almost every t € (0, T), divu(t,-) = 0, in the sense of
distributions.

Existence is known (DiPerna, Majda 87; Vecchi, Wu 93), uniqueness is
known in L°°...and “nearby".
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Definition
Fix T > 0. Let ug € L?(T?) sth wy = curl yp € LP(T?), some p > 1. Say
ue C(0,T; 2., (T?)) weak solution of incompressible Euler

equations, initial data g, if w = curl u € L>(0, T; LP(T?)) and

© for every test vector field ® € C=([0, T) x T?) such that
divd(t, -) = 0 the following identity holds true:

;
/ 6t<b-u+u-Dd>udxdt+/ ®(0,-) - updx = 0.
0 Jr2 T2

© For almost every t € (0, T), divu(t,-) = 0, in the sense of
distributions.

Existence is known (DiPerna, Majda 87; Vecchi, Wu 93), uniqueness is
known in L*°...and “nearby". Nonuniqueness in LP, any 2 < p < oo,
with nontrivial rough forcing (Vishik, 2018, see also Albritton, Brue,
Colombo, DeLellis, Giri, Janisch, Kwon, 2021). Recent work:
nonunigueness in LP, no forcing, p > 1, p close to 1 (Brue, Colombo,
Kumar, 2024).

February 6!, 2025 8/35




Vanishing viscosity solutions
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Vanishing viscosity solutions

Let u € C(0, T; L2,(T?)). We say that u is a physically realizable weak
solution of the incompressible 2D Euler equations with initial velocity
Up € L2(T?) if the following conditions hold.

@ uis a weak solution of the Euler equations;
© there exists a family of solutions of the incompressible 2D
Navier-Stokes equations with viscosity v > 0, {u”}, such that, as
v — 0,
e u” — uweakly* in L>(0, T; L2(T?));
e u”(0,-) = Uy — up strongly in L2(T?).
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Vanishing viscosity solutions

Let u € C(0, T; L2,(T?)). We say that u is a physically realizable weak
solution of the incompressible 2D Euler equations with initial velocity
Up € L2(T?) if the following conditions hold.

@ uis a weak solution of the Euler equations;
© there exists a family of solutions of the incompressible 2D
Navier-Stokes equations with viscosity v > 0, {u”}, such that, as
v — 0,
e u” — uweakly* in L>(0, T; L2(T?));
e u”(0,-) = Uy — up strongly in L2(T?).
The family {u”} is called a physical realization of u.
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Energy conservation
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Energy conservation

Theorem (Cheskidov,Lopes Filho, NL, Shvydkoy 2016)

Letu € C(0, T; L2(T?)) be a physically realizable weak solution of the
incompressible 2D Euler equations. Suppose that uy € L2 is such that
curl Uy = wg € LP(T?), for some p > 1. Suppose that there is a physical
realization {u"} such that {wy} is bounded in LP(T?). Then u
conserves energy.
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Energy conservation

Theorem (Cheskidov,Lopes Filho, NL, Shvydkoy 2016)

Letu € C(0, T; L2(T?)) be a physically realizable weak solution of the
incompressible 2D Euler equations. Suppose that uy € L2 is such that
curl Uy = wg € LP(T?), for some p > 1. Suppose that there is a physical
realization {u"} such that {wy} is bounded in LP(T?). Then u
conserves energy.

Obs. 1 < p < 3/2 'supercritical’.
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Discussion of proof:
Assume wq € LP(T?) for some p < 2, and wy ¢ L?(T?) otherwise, the
result is trivial.
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Discussion of proof:

Assume wq € LP(T?) for some p < 2, and wy ¢ L?(T?) otherwise, the
result is trivial.

u is physically realizable = 3 physical realization {u"} solutions of
Navier-Stokes with {wg} bounded in LP. w" = curl u”.
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Discussion of proof:
Assume wq € LP(T?) for some p < 2, and wy ¢ L?(T?) otherwise, the
result is trivial.
u is physically realizable = 3 physical realization {u"”} solutions of
Navier-Stokes with {wg} bounded in LP. w" = curl u”.
Vorticity equation:

o’ + U” - Vw’ = vAw”.

2p

Write y = y(t) = |w”||Z, and Co = sup, [[wgll,s "
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Discussion of proof:
Assume wq € LP(T?) for some p < 2, and wy ¢ L?(T?) otherwise, the
result is trivial.
u is physically realizable = 3 physical realization {u"”} solutions of
Navier-Stokes with {wg} bounded in LP. w" = curl u”.
Vorticity equation:

o’ + U” - Vw’ = vAw”.

2p

Write y = y(t) = |[w”[[?, and Co = sup,, [|lwg[l,o*-
Energy methods plus Gagliardo-Nirenberg, plus maximum principle for
LP-norm of vorticity give:

y’<—20uy2%pandi>2
— 0 2_p *
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Discussion of proof:
Assume wq € LP(T?) for some p < 2, and wy ¢ L?(T?) otherwise, the
result is trivial.
u is physically realizable = 3 physical realization {u"”} solutions of
Navier-Stokes with {wg} bounded in LP. w" = curl u”.
Vorticity equation:

o’ + U” - Vw’ = vAw”.

2p
Write y = y(t) = |[w”[[?, and Co = sup,, [|lwg[l,o*-
Energy methods plus Gagliardo-Nirenberg, plus maximum principle for
LP-norm of vorticity give:
2 2

.y/ < _ZCOVyz_p and ﬂ > 2.

Integrate in time, use |lwg|| 2 — 400 and substitute y(t) = ||cu”\|f2 to get

lw? (1, )12 < (o(1) + Cwt) ™ 7.
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Energy identity for 2D Navier-Stokes:

d

11 = —2v]w” |2 (1)
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Energy identity for 2D Navier-Stokes:
Y
dt

Integrate in time and use the estimate for vorticity to get

2 2
U2, = —2v]w|.

! _2-p
0> [lu”(t. )% — ] > —2v / (o(1) + Cvs)" % ds
0

2(p-1)

2(p—1)

--C [(0(1) + 5ut) fo- 0(1)] 2=ty P +o(1).
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Energy identity for 2D Navier-Stokes:

d 17 14

EHU Hiz = —2v||w Hiz-
Integrate in time and use the estimate for vorticity to get

t _2p
0> [lu”(t, )% — [lug ]2 > —2'// (o(1) + Cvs) » ds
0

2(p-1)

2(p—1)

- C [(0(1) + a/t) . 0(1)] > _(vt) 7 +o(1).
Now p > 1 = RHS— 0 as v — 0. Therefore:

. 2 2 _
lim (¢, )7 — lug |2 = 0.
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Energy identity for 2D Navier-Stokes:

d 17 14

EHU Hiz = —2v||w Hiz-
Integrate in time and use the estimate for vorticity to get

t _2p
0> [lu”(t, )% — [lug ]2 > —2'// (o(1) + Cvs) » ds
0

2(p-1)

2(p—1)

- C [(0(1) + a/t) . 0(1)] > _(vt) 7 +o(1).
Now p > 1 = RHS— 0 as v — 0. Therefore:

. v 2 V(2
lim ([ (t,)[12 — lug]1Z = 0.
DiPerna-Majda 1987, w € LP, p > 1, non-concentration result:

. v 2 2
fim (lu”(t, Il = llu(t, )iz
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Energy identity for 2D Navier-Stokes:
d 17 14
Fillv 2. = —2v|w” (|2 (1)

Integrate in time and use the estimate for vorticity to get

t _2p
0> [lu”(t, )% — [lug ]2 > —2'// (o(1) + Cvs) » ds
0

2(p-1)

2(p—1)

- C [(0(1) + aw) . 0(1)] > _(vt) 7 +o(1).
Now p > 1 = RHS— 0 as v — 0. Therefore:

. v 2 V|2
lim [|u”(t,)||Z2 — l|uglizz = O-
DiPerna-Majda 1987, w € LP, p > 1, non-concentration result:
. v 2 2
fim (lu”(t, Il = llu(t, )iz

Strong convergence of initial data = ||u(t,-)||%, = [|uo||?, as desired.

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation February 6!, 2025 12/35



Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation



Key steps in the proof:
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Key steps in the proof:

Show dissipation vanishes:

)
1// Il (1,-)|Rdt — Oas v — 0 -
0

-
V/ lw”(t,-)||2 dt < v2P=1)/PT2P=1)/P
0
(to get this use Gronwall for

ay 2+4¢
:'t = V.y )

fory = w”[IZ.)
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Key steps in the proof:

Show dissipation vanishes:

)
1// Il (1,-)|Rdt — Oas v — 0 -
0

-
V/ lw”(t,-)||2 dt < v2P=1)/PT2P=1)/P
0
(to get this use Gronwall for

ay 2+¢
:'t = V.y )

for y = [|w”[[%.)
Then use strong convergence in L? of physical realizations:

lu(t, M = lluoliZe = lim [|u”(2,)[E — lluglE = 0.
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Surprisingly, vanishing dissipation is a consequence of strong
convergence. In fact, it holds that:
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Surprisingly, vanishing dissipation is a consequence of strong
convergence. In fact, it holds that:

Theorem (Lanthaler, Mishra, Parés-Pulido 2021)

Suppose uy € L2(T?) and u is physically realizable weak solution with
u(0) = up. Let u” physical realization: v¥ — u; u”(0) — up. Then the
following are equivalent:

@ u” — u strongly in LP((0, T); L2(T?)), some 1 < p < oo;
© u conservative weak solution.
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Surprisingly, vanishing dissipation is a consequence of strong
convergence. In fact, it holds that:

Theorem (Lanthaler, Mishra, Parés-Pulido 2021)

Suppose uy € L2(T?) and u is physically realizable weak solution with
u(0) = up. Let u” physical realization: v¥ — u; u”(0) — up. Then the
following are equivalent:

@ u” — u strongly in LP((0, T); L2(T?)), some 1 < p < oo;
© u conservative weak solution.

In particular, it was established that:

Strong convergence in L2 = no anomalous dissipation,

Strong convergence in L2 + no anomalous dissipation
= no inviscid dissipation.
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Proof of ‘no inviscid dissipation —- strong
convergence’

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation



Proof of ‘no inviscid dissipation = strong
convergence’

Forany 0 < t < T, have

T T
Tl = [ sy < tminf [ u(s)1

;
< IimSUP/ lu”(8)1Z2 < limsup T|u”(0)]7
0

v—r v—

T1|u(0)||Z-
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Proof of ‘no inviscid dissipation —- strong
convergence’

Forany 0 < t < T, have

T T
Tl = [ sy < tminf [ u(s)1

-
< Iimsup/ 1u”(8)|2, < limsup T (0)]2
v— 0 v—
2
= Tlu(0)IZ-
Therefore all < are = and have convergence of norms.

Convergence of norms + weak convergence —> strong convergence.
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Proof of strong convergence = ‘no inviscid
dissipation’: the heart of the matter
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Proof of strong convergence = ‘no inviscid
dissipation’: the heart of the matter

The key lemma is:

Let {u"},~o precompact in L?(0, T; L?(T?)), div-free. Then 3

o :[0,00) — [0, 00) such that zli_)m o(z) =0

so that, forevery0 <6 <t< T

(/; o (8)z2 d3)2 o (/; lw(5)I2 ds) < /; |V (s)]12 ds.
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The lemma allows to obtain a differential inequality for

t
Y= yi(t) = v /5 lw”(s)|2 ds,

namely

() g <Moo (%),
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The lemma allows to obtain a differential inequality for

t
Y=yt = v /5 o (s)|2 ds,
namely

v

d v v -yV
(%) EY& < M5 — (y; 2o <5> .

We then show

Let y¥ € W'1([0, T]) increasing functions sastisfying (x). Then

limsupys(T) =0.

v—0
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The lemma allows to obtain a differential inequality for

t
Y=yt = v /5 o (s)|2 ds,

namely
d 4
() S <m— (P o ().

We then show

Let y¥ € W'1([0, T]) increasing functions sastisfying (x). Then

limsupys(T) =0.

v—0

Strong convergence of initial data + continuity in time of weak Euler
solution allows § — 0.
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OBS.
1. The key lemma is implicitly contained in LMPP 2021, although not in
this form.
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OBS.

1. The key lemma is implicitly contained in LMPP 2021, although not in
this form.

Re-write key lemma as:

37T = T(z) superquadratic, lim T(z)

- 2z = +o00, such that:
Z|— 00

{u"},~0 precompact in L2(0, T; L3(T?)), div-free. Then, for every
O<o<t<T

T( [ @ts) < [ vk
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Consequences of LMPP 2021:

Up € L2, wp € X, X € H(T?) (compact imbedding!), w” bounded in
L (X). Then any weak limit of u” is energy conservative.
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Consequences of LMPP 2021:

Up € L2, wp € X, X € H(T?) (compact imbedding!), w” bounded in
L (X). Then any weak limit of u” is energy conservative.

Examples: LP, p > 1; L(log L)*, o > 1/2; L(1:9) 1 < g < 2. All of these
are rearrangement invariant subspaces of L' compactly imbedded in
H=1. (Cf. H~"-stability, LNT 2000.)
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Consequences of LMPP 2021:

Up € L2, wp € X, X € H(T?) (compact imbedding!), w” bounded in
L (X). Then any weak limit of u” is energy conservative.

Examples: LP, p > 1; L(log L)*, o > 1/2; L(1:9) 1 < g < 2. All of these
are rearrangement invariant subspaces of L' compactly imbedded in
H=1. (Cf. H~"-stability, LNT 2000.)

What happens in L' n H=1? Or 501 1 H~'? Delort 1991/Vecchi, Wu
1993: exists weak solution, no concentrations in vorticity. Estimates do
not exclude concentrations in energy, i.e. energy defect.
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Vorticity in 3 1 H~': vortex sheets.
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Vorticity in 3 1 H~': vortex sheets.

What is a vortex sheet?
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Vorticity in 3 1 H~': vortex sheets.
What is a vortex sheet?

An idealized model for flows in which vorticity is concentrated in a thin
shear layer. Near thin shear layer/vortex sheet the velocity is
tangentially discontinuous while its normal component is continuous.
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Vorticity in 3 11 H': vortex sheets.
What is a vortex sheet?

An idealized model for flows in which vorticity is concentrated in a thin
shear layer. Near thin shear layer/vortex sheet the velocity is
tangentially discontinuous while its normal component is continuous.

Vorticity is the curl of velocity; it is a measure of local rotation.
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Vorticity in : vortex sheets.
What is a vortex sheet?

An idealized model for flows in which vorticity is concentrated in a thin
shear layer. Near thin shear layer/vortex sheet the velocity is
tangentially discontinuous while its normal component is continuous.

Vorticity is the curl of velocity; it is a measure of local rotation.

Vortex sheets are ubiquitous phenomena in ideal (or high Reynolds
number) flows — e.g. they appear in flow past an obstacle (for instance,
an airfoil — vortex sheets trailing an airplane wing), mixing of fluids with
different densities, etc.
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Vortex sheet flows arise, largely, as approximate models for nearly
inviscid flows past an obstacle. A ‘good’ approximation for the flow is
an irrotational velocity field (aka potential flow) except in a thin layer
close to the obstacle, where there are large gradients of velocity, i.e.,
where vorticity is concentrated. The creation of this shear layer is due
to the effect of (small) viscosity on the fluid-structure interaction.
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Vortex sheet flows arise, largely, as approximate models for nearly
inviscid flows past an obstacle. A ‘good’ approximation for the flow is
an irrotational velocity field (aka potential flow) except in a thin layer
close to the obstacle, where there are large gradients of velocity, i.e.,
where vorticity is concentrated. The creation of this shear layer is due
to the effect of (small) viscosity on the fluid-structure interaction.

Substitute shear layer by vortex sheet and set viscosity = 0.
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Mathematically: a vortex sheet is a curve in ideal fluid flow across
which the tangential component of velocity is discontinuous.
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Mathematically: a vortex sheet is a curve in ideal fluid flow across
which the tangential component of velocity is discontinuous. The
evolution of a vortex sheet can be seen as an instance of interface
dynamics.
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Mathematically: a vortex sheet is a curve in ideal fluid flow across
which the tangential component of velocity is discontinuous. The
evolution of a vortex sheet can be seen as an instance of interface

dynamics.

In particular, vorticity is concentrated along the “interface”, a curve:

w = Ytd¢,-
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Mathematically: a vortex sheet is a curve in ideal fluid flow across
which the tangential component of velocity is discontinuous. The
evolution of a vortex sheet can be seen as an instance of interface
dynamics.

In particular, vorticity is concentrated along the “interface", a curve:
w = Yt0¢;-
We may consider more general flows, for which

weBMNHT,

i.e., u has (locally) bounded kinetic energy (exclude point vortices).
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No compactness and no anomalous dissipation
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No compactness and no anomalous dissipation

What can be done for wg € L'(T?) N H=1(T?) or BM(T?) N H~'(T?)?
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No compactness and no anomalous dissipation

What can be done for wg € L'(T?) N H=1(T?) or BM(T?) N H~'(T?)?

These spaces are not compact in H='(T?), therefore no a priori strong
convergence of u” in L2(0, T; L2(T?)).
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No compactness and no anomalous dissipation

What can be done for wg € L'(T?) N H=1(T?) or BM(T?) N H~'(T?)?

These spaces are not compact in H='(T?), therefore no a priori strong
convergence of u” in L2(0, T; L2(T?)).

Do not expect energy balance — inviscid dissipation is possible.

Instead, investigate anomalous dissipation.

Consider solutions of NS whose initial data converges, at least weakly,
in L2(T?).

Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation February 6!, 2025 25/35



Helena J. Nussenzveig Lopes (IM-UFRJ) Absence of anomalous dissipation



Theorem ( de Rosa, Park 2024; also Elgindi, Lopes Filho, NL

2024)
Assume
Q uy — up strong-L?(T?),
@ ¥ bounded in L>=(0, T; L'(T?)),
Q F’ - F weak-L2(0, T; L2(T2)),
Q curl F(-, t) — curl F(-,t) weak-L'(T?), a.e. t,
Q [sup, |[curl F7(-, t)||p1 dt < oo.
If
supsupsup/ |w’|dx - 0asr—0
{Ix—=z|<r}

v t z

then —
lim sup 1// lw” (-, t)Hiz dt =0.
0

v—0
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Theorem ( de Rosa, Park 2024; also Elgindi, Lopes Filho, NL

2024)
Assume
Q uy — up strong-L?(T?),
@ ¥ bounded in L>=(0, T; L'(T?)),
Q F” — F weak-L2(0, T; L2(T2)),
Q curl F¥(-, t) — curl F(-, t) weak-L'(T?), a.e. t,
Q [sup, |[curl F7(-, t)||p1 dt < oo.
If

v t z

supsupsup/ |w’|dx - 0asr—0
{|x—z|<r}

then

T
lim sup 1// Hw”(-,t)”%z dt =0.
0

v—0

Under assumptions in Theorem any weak limit is a physically
realizable weak solution of 2D Euler, with u(0) = up.
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OBS. de Rosa, Park 2024: flows with no forcing.
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OBS. de Rosa, Park 2024: flows with no forcing. Elgindi, Lopes Filho,
NL 2024: allow forcing plus completely different proof, relies on new a
priori estimate.
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OBS. de Rosa, Park 2024: flows with no forcing. Elgindi, Lopes Filho,

NL 2024: allow forcing plus completely different proof, relies on new a
priori estimate.

Recall Nash’s inequality:

2
(11.)” < IFI2. 9 FI2,
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OBS. de Rosa, Park 2024: flows with no forcing. Elgindi, Lopes Filho,
NL 2024: allow forcing plus completely different proof, relies on new a
priori estimate.

Recall Nash’s inequality:

2
(I712.)” < IFIZ. 9 FI2

We begin with a refinement:

Let F c L'(T?) n H'(T?) such that
A |lflp <K, forallfeF;

B lim sup sup/ |f(x)| dx = 0.
{Ix—z|<r}

r—0 feF z
Then 3T € C', convex, increasing, superquadratic such that, Vf € F,

T(IF1Z) < IVHIZ

v,
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Obs. T = Tk. By construction T = (¢~ )2, ¢ concave, increasing,
sublinear.
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Obs. T = Tk. By construction T = (¢~ )2, ¢ concave, increasing,
sublinear.

Discussion of proof of Theorem, ELN 2024 version:
Use refinement of Nash for

F={w"(,1),0<t<T,v>0}
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Obs. T = Tk. By construction T = (¢~ )2, ¢ concave, increasing,
sublinear.

Discussion of proof of Theorem, ELN 2024 version:
Use refinement of Nash for

F={w"(,1),0<t<T,v>0}

t
Set (§ = ¢§(t) == 1// ||w”(s)|]f2 ds. Then (} satisfies the differential
5
inequality

d v 2 Cg
G < My — 2t = 0)T (V(t_5)>.
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Obs. T = Tk. By construction T = (¢~ )2, ¢ concave, increasing,
sublinear.

Discussion of proof of Theorem, ELN 2024 version:
Use refinement of Nash for

F={w"(,1),0<t<T,v>0}

t
Set (§ = ¢§(t) == 1// ||w”(s)|]f2 ds. Then (} satisfies the differential
5
inequality

d v 2 Cg
2 < My — Rt 8)T (V(t_5)> .
But d¢¥/dt = v|jw”(t)||? > 0. Therefore
1/2(1‘—5)T< G (1) ) < Ms.

v(t—9)
VM5 )
vVt —4
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Letting

we get

(X))
X, |

C(T) < VMsVT =6

But X, — +o00 as v — 0 so, since ¢ sublinear, (§(T) — 0.
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Letting

we get

But X, — +o00 as v — 0 so, since ¢ sublinear, (§(T) — 0.

Recall (§ (¢ —1// lw” (s ||L2 ds. Still need to analyze

lim ,,/ J”(8)2 ds.
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Letting

we get

But X, — +o00 as v — 0 so, since ¢ sublinear, (§(T) — 0.

Recall (5 (f) = u/ lw” (s ”L2 ds. Still need to analyze

||m 1// lw”(s ||L2dS

ThIS limit vanishes since u — g strong-L2(T?) and weak limits of u”
are weak 2D Euler solutions which, in turn, are right-continuous in time
into L2 at t = 0.
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In the refinement of Nash’s inequality T = (¢~1)2.
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In the refinement of Nash’s inequality T = (¢~1)2. The concave,
increasing, sublinear and C' function ® has a very explicit form:
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In the refinement of Nash’s inequality T = (¢~1)2. The concave,
increasing, sublinear and C' function ® has a very explicit form:

Recall ||f||;+ < K, f € F.
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In the refinement of Nash’s inequality T = (¢~1)2. The concave,
increasing, sublinear and C' function ® has a very explicit form:

Recall ||f]|;+ < K, f € F. Introduce

1
9(r) = 7 sup sup / #(y)ldy. @)
feF zeT2 J{|z—y|<r}
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In the refinement of Nash’s inequality T = (¢~1)2. The concave,
increasing, sublinear and C' function ® has a very explicit form:

Recall ||f]|;+ < K, f € F. Introduce

1

9(r) = ¢ sup sup / #(y)|dy.
feF zeT2 J{|z—y|<r}

Set p
= — <
n(r) maX{ﬁ(r), ﬂ}, foro<r<m
and

n(r) ifo<r<m,
1 if r>m.

n=m0={
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In the refinement of Nash’s inequality T = (¢~1)2. The concave,
increasing, sublinear and C' function ® has a very explicit form:

Recall ||f]|;+ < K, f € F. Introduce

1

9(r) = 1 sup sup / #(y)|dy.
feF zeT2 J{|z—y|<r}

Set ,
= — <r<
n(r) max{ﬁ(r), 7r} , for0<r<n

and
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Suppose, now, that 7 ¢ H'(T?) and that it is bounded in
BM(T?) n H~1(T?).
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Suppose, now, that 7 ¢ H'(T?) and that it is bounded in
BM(T?) N H=1(T?).

Assume that all A € F are of the form
A=p+w,

with € BM(T?), ;1 > 0, and w € LP(T?), some p > 1.
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Suppose, now, that 7 ¢ H'(T?) and that it is bounded in
BM(T2) N H=(T?).

Assume that all A € F are of the form
A=p+w,
with € BM(T?), ;1 > 0, and w € LP(T?), some p > 1.

In addition, suppose that

el =1+ lIwllee < K.
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Suppose, now, that 7 ¢ H'(T?) and that it is bounded in
BM(T2) N H=(T?).

Assume that all A € F are of the form

A=p+w,
with € BM(T?), ;1 > 0, and w € LP(T?), some p > 1.
In addition, suppose that

el =1+ lIwllee < K.

Then, for large x, we can use

X

d=d(x)=C

Viog x~
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Applications
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Applications

Letw§ be a bounded sequence in 5\ (T7) 1 H (7). Suppose
wy = p + wy, with p§ € BM(T?), 115 > 0, and wy € L'(T?) and
wy — w weak-L'(T?). Then there is no anomalous dissipation for u" .
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Applications

Letw§ be a bounded sequence in 5\ (T7) 1 H (7). Suppose
wy = p + wy, with p§ € BM(T?), 115 > 0, and wy € L'(T?) and
wy — w weak-L'(T?). Then there is no anomalous dissipation for u" .

Explicit construction of T = (¢~1)2 allows us to show:
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Applications

Let wg be a bounded sequence in . Suppose
wy = p + wy, with p§ € BM(T?), , and w € L'(T?) and
wy — w weak-L'(T?). Then there is no anomalous dissipation for u" .

Explicit construction of T = (¢~1)2 allows us to show:

If wg' is uniformly bounded in Lp(Tz), some p > 1, then

)
1// 1, )% dt < [log |4 as v — 0.
[
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Applications

Let wg be a bounded sequence in . Suppose
wy = p + wy, with p§ € BM(T?), , and w € L'(T?) and
wy — w weak-L'(T?). Then there is no anomalous dissipation for u" .

Explicit construction of T = (¢~1)2 allows us to show:

If wg' is uniformly bounded in Lp(Tz), some p > 1, then

)
1// 1, )% dt < [log |4 as v — 0.
[

Obs. Not necessarily sharp.
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Phantom vortices: example of anomalous dissipation, but initial data
not compact in L2
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Phantom vortices: example of anomalous dissipation, but initial data
not compact in L2
Let p € C(0,400). Assume

+00 Foo
/ re(r)ydr=0and / rie(r)|dr=1.
0 0
Let wp = wo(x) = ¢(]x|) and set

W = w(X) = %wo (%)

14
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Phantom vortices: example of anomalous dissipation, but initial data
not compact in L?
Let ¢ € C°(0, +00). Assume

—+oco —+o00
/ ro(r)ydr=0and / rle(r)|dr=1.
0 0

Let wp = wo(x) = ¢(]x|) and set

Then
Q sup; ||u¥(, t)]|;2 bounded;
Q sup; ||w”(+, 1)+ bounded;

Q w¥ — 0weak*-L>(0, T; BM) and u” — 0 weak*-L>(0, T; L?) ;
T

o lim infl,_>0 Z// ||w”(',S)Hi2 ds>C > 0.

14
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Phantom vortices: example of anomalous dissipation, but initial data
not compact in L?
Let ¢ € C°(0, +00). Assume

—+oco —+o00
/ ro(r)ydr=0and / rle(r)|dr=1.
0 0

Let wp = wo(x) = ¢(]x|) and set

Then
Q sup; ||u¥(, t)]|;2 bounded;
Q sup; ||w”(+, 1)+ bounded;

Q w¥ — 0weak*-L>(0, T; BM) and u” — 0 weak*-L>(0, T; L?) ;
T

o lim infl,_>0 Z// ||w”(',S)Hi2 ds>C > 0.
Note: Y

lwg| — 6o weak*BM.
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Phantom vortices: example of anomalous dissipation, but initial data
not compact in L?
Let ¢ € C°(0, +00). Assume

—+oco —+o00
/ ro(r)ydr=0and / rle(r)|dr=1.
0 0

Let wp = wo(x) = ¢(]x|) and set

Then
Q sup; ||u¥(, t)]|;2 bounded;
Q sup; ||w”(+, 1)+ bounded;

Q w¥ — 0weak*-L>(0, T; BM) and u” — 0 weak*-L>(0, T; L?) ;
T

o lim infl,_>o Z// ||wy(',5)Hi2 ds>C > 0.
Note:

v
|wy| — do weak*BM. However, |uf[> — 5o weak*BM.
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msp.org/om >

Orbita Mathematicae is the new journal of the Unién Matemat-
ica de América Latina y el Caribe (UMALCA).

Orbita in Classical Latin originally meant, “the track left by a
wheel or a way well-worn by one's ancestors”. The Renaissance

brought another meaning to this word: “the path of a celestial
ORBITA

body when it revolves around another body due to their mutual MATHEMATICAE

gravitational attraction”. Finally, modern times added yet an-
other meaning to the Latin Orbita: “the sphere of influence”.
The title of the journal reflects the historical evolution of math-

ematics. All sciences are understood, nowadays, to belong to
the Orbita Mathematicae.

PATIrR—

The journal Orbita Mathematicae publishes original research articles of the highest level
and aims to position itself among the most prestigious international mathematics journals.

Figure: Orbita Mathematicae: a new UMALCA journal
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Thank you
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Thank you
Grazie
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