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Model problem

—Apru— Uy =f INQ
u=0 on 012

Ay u = div(|V,uP2V,u)
Q=0Q; x(0,1), € CR"” open bounded Lipschitz domain

fz0  fel¥Q),  q=max{p2}

- F.Brock, I.Diaz, A.Ferone, D.Gomez, A.M., Ann.I.H. Poincaré, 2021
- I.Diaz, A.Ferone, A.M., J. Math. Anal. Appl. 2024
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Comparison result via Schwarz symmetrization

u € Wy?(€2) and v € W, (%) weak solutions to

—div (A(z)Vu) = f inQ —Av=f* inQ*r,
u=20 on 092, v=20 on 00" .

Q  bounded domain,
A(x) = (aij(@)i;  ay € L) ag(2)&&; > €,
fer ), q=@2Y
\
u(z) <w(z) ae ze "
- Talenti, 1976
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Comparison result via Schwarz symmetrization

u € Wy?(€2) and v € W, (%) weak solutions to
—div (A(2)Vu) = f inQ Av=f* inQr,
u=20 on 99, v=20 on 90* .

Q  bounded domain,
A(z) = (aij(z))ij a;; € L>(Q) aij(2)&&5 > |€)?,
f e L), q>(2%)
NS

u*(z) <w(z) ae zeQ*
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Comparison result via Schwarz symmetrization
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Steiner rearrangement of a set
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Steiner rearrangement of a function

N>2, ze RN =R" x R™
z = (z,y), z € R", y €R™

Q={reR": (z,y) €Q}, yeR™.
Q7 Steiner rearrangement of

reQy —u(r,y) eR

u¥(2,y) = (u(, )" = u'(walz["y)  (z,y) € QF.

u” Steiner rearrangement of «
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Comparison result via Steiner symmetrization for

linear elliptic operators

u e Wy?(Q) and v € W, *(Q#) weak solutions to respectively

—div (A(z)Vu) = f inQ ~Av = f* inQ¥,
u=0 on 092, v=>0 on 90# .
Q bounded domain, feri),q> 4,
\

/ u? (z,y)dx < / v(z,y)de r>0,fora.e. yeR™
(0) B(0)

- A.Alvino, |.Diaz, P-L.Lions, G.Trombetti, 1996
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A few references for comparison results via Steiner

symmetrization
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Proof of ADLT of Comparison result via Steiner

symmetrization: main tools

- analitic data
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Proof of ADLT of Comparison result via Steiner

symmetrization: main tools

- analitic data = v analitic
- Integration on the level sets of u(-,y):

2 2
/ AL / = / fdx
{2 u(-y)>t} OF (o u(- )ty OY {2 u(-)>t}

- Second order derivation formula

2 2
/ 8_@20 dr = 8—2 / u dx + Reminder term
{2 (- )>t} OF W Jiw: u(y)>t)

A.Alvino, |.Diaz, P-L.Lions, G.Trombetti, 1996,
V.Ferone- A.M., 1998
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Proof of ADLT of Comparison result via Steiner

symmetrization: main tools

- Integration on the level sets of (-, y) and derivation formula give:

2 2
—/ 8—12Ld:z—8—2/ udx:/ fdx
{z: u(-,y)>t} Oz 8y {z: u(-,y)>t} {z: u(-,y)>t}
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Proof of ADLT of Comparison result via Steiner

symmetrization: main tools

- Integration on the level sets of (-, y) and derivation formula give:

2 2
—/ 8—12de—8—2/ udx:/ fdx
{z: u(-,y)>t} Oz ay {z: u(-,y)>t} {z: u(-,y)>t}

Uts) = [ o (o0)do

27
—nw"sZ Q/naU 82_/f (o,y)d

0s?

2 5 0 0%V 0PV .
—anﬁs2 2/ F——QZ/ [ (o,y)do
0

- Maximum principle

Uly,s) = | w(o,y)do < Viy,5)= | v(0,y)do
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Comparison result via Steiner symmetrization:

a different approach

u e Wy?(Q) and v € W, *(Q#) weak solutions to respectively

—Au=/f inQ —Av=f#* inQ#,
u=20 on 092, v=>0 on 90# .

Q bounded domain,  f € LI(Q), ¢ > ¥,

4

/ u? (z,y)dx < / v(z,y)de r>0,fora.e. yeR™
(0) B(0)

- F. Brock, F. Chiacchio, A. Ferone, A.M., Adv. Math. 2018
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A different approach: discretization of gradient and

Laplace operator

Discretization of the gradients + Riesz Inequality + Hardy-Littelwood
equality

/RN Vau(z) - Vew(z) dz

=—hm// uw(z + eh,y) —u(z,y) w(z + eh,y) —
RN Bl(O)

w(z,y)
n e—0 € € ¢(h) dhdz

C / /u#x+ehy )—u (z,y) w#(z + eh, y) —w¥ (z,y)
O/rNJ B,

ne—>

Z/RNW (2) - Va(2) d2

o(h)dhdz

€
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A different approach: discretization of gradient and

Laplace operator

@ Inequalities involving Laplacian operator
/ Vu(z) - Vw(z)dz> /Vu#(z) - Vw? (2)dz.
RN RN
4

- / Agu(z, y)w(z, y)dedy > / Vou (z,y) - Vow? (2, y)dady
Q Q#

_ /Q Uy,y, (2, y)w(z, y)dedy > /Q# ujﬁ (z,y) - w;jﬁ(x,y)dwdy

where u > 0, u € C?(Q) N C(Q), u = 0 on 9Q, w# € Whe
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A more general Pélya-Szeg0 inequalities

Q be a bounded domain of R”, u € W,*(Q), 1 < p < oo,
W (0,]€],)] — R be a nonincreasing function belonging to
WhP(a, £7(9)) for every a > 0, such that W (|O],)) =0
—W'(s) < C(—u*)(s) fora.e.s € (0,|Q)),
4

w e Wol’p(Q) is the unique function satisfying w* = W*,
/ uw(z)w(z)dz = / u*(2)w*(z)dz
RN RN

and
/ |VulP2Vu - Vw dz > |Vu*|P2Vu* - Vw* dz .
Q o

v
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Nonlinear comparison result for Schwarz

symmetrization

Let u € Wol’p(Q), ONS W(}’p(ﬂ*) be weak solutions to the problems
respectively

—div (|[VulP2Vu) = f  inQ —div (|Vu[P=2Vo) = f*  inQ*,
u=0 ono, lv=0 on 00*

4

u*(z) <wv(z) fora.e. zeq.

- Talenti, 1979
- F. Brock, F. Chiacchio, A. Ferone, A.M., 2018, for a different proof
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Anisotropic quasilinear equations : smooth case

— div, (a(|V$u|)un> —uyy =f INQ =0 x(0,1)
u=20 on 0%}

Q; C R" open bounded Lipschtiz ~ f € L™x{2P'}(Q)

@ a:(0,+00) — (0,400) C! function,
0t 2<qa(t)<Ct™?2 p>1,
0 1<y <5, <00,

ta'(t) ()
o= t>0 a(t)

- I.Diaz, A.Ferone, A.M., J. Math. Anal. Appl. 2024
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Comparison result for anisotropic quasilinear

equations: smooth case

ue XP(Q) = {ue Wy (Q): |Vaul € LP(Q),|V,u| € L2 (Q)}
and

v e XP(OF) = {u e Wy (OF) : |Vau| € LP(QF), |V, u| € L2(Q7)}
weak solutions to respectively
— divy (al|Vou)) Vau) =y = F InQ [~Ayov v, = F ino#
u=0 ondQ (v=0 on 9
Q=0Q; x(0,1),9; C R" open bounded Lipschitz
\
/ u (z,y)de < / v(z,y)dz r>0,fora.e. ye (0,1)
B’I‘(O) 7‘(0)
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