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Model problem

{
−∆p,x u− uyy = f in Ω

u = 0 on ∂Ω

∆p,x u = div(|∇xu|p−2∇xu)

Ω = Ω1 × (0, 1) , Ω1 ⊂ Rn open bounded Lipschitz domain

f ≥ 0 f ∈ Lq(Ω), q = max{p, 2}

- F.Brock, I.Diaz, A.Ferone, D.Gomez, A.M., Ann.I.H. Poincaré, 2021
- I.Diaz, A.Ferone, A.M., J. Math. Anal. Appl. 2024
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Comparison result via Schwarz symmetrization

u ∈ W 1,2
0 (Ω) and v ∈ W 1,2

0 (Ω⋆) weak solutions to{
−div (A(x)∇u) = f in Ω

u = 0 on ∂Ω ,

{
−∆v = f⋆ in Ω⋆ ,

v = 0 on ∂Ω⋆ .

Ω bounded domain,

A(x) = (aij(x))ij aij ∈ L∞(Ω) aij(x)ξiξj ≥ |ξ|2 ,

f ∈ Lq(Ω), q ≥ (2∗)′

⇓

u⋆(z) ≤ v(z) a.e. z ∈ Ω⋆

- Talenti, 1976
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Steiner rearrangement of a set
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Steiner rearrangement of a function

N ≥ 2 , z ∈ RN = Rn × Rm

z = (x, y), x ∈ Rn, y ∈ Rm

Ωy := {x ∈ Rn : (x, y) ∈ Ω} , y ∈ Rm .

Ω# Steiner rearrangement of Ω

x ∈ Ωy → u(x, y) ∈ R

u#(x, y) = (u(·, y))⋆ = u∗(ωn|x|n, y) (x, y) ∈ Ω# .

u# Steiner rearrangement of u
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Comparison result via Steiner symmetrization for
linear elliptic operators

u ∈ W 1,2
0 (Ω) and v ∈ W 1,2

0 (Ω#) weak solutions to respectively{
−div (A(x)∇u) = f in Ω

u = 0 on ∂Ω ,

{
−∆v = f# in Ω# ,

v = 0 on ∂Ω# .

Ω bounded domain, f ∈ Lq(Ω), q > N
2 ,

⇓∫
Br(0)

u#(x, y)dx ≤
∫
Br(0)

v(x, y)dx r ≥ 0, for a.e. y ∈ Rm

- A.Alvino, I.Diaz, P-L.Lions, G.Trombetti, 1996
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A few references for comparison results via Steiner
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Proof of ADLT of Comparison result via Steiner
symmetrization: main tools

- analitic data

⇒ u analitic
- Integration on the level sets of u(·, y):∫

{x: u(·,y)>t}

∂2u

∂x2
dx+

∫
{x: u(·,y)>t}

∂2u

∂y2
dx =

∫
{x: u(·,y)>t}

f dx

- Second order derivation formula∫
{x: u(·,y)>t}

∂2u

∂x2
dx =

∂2

∂y2

∫
{x: u(·,y)>t}

u dx+ Reminder term

A.Alvino, I.Diaz, P-L.Lions, G.Trombetti, 1996,
V.Ferone- A.M., 1998
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Proof of ADLT of Comparison result via Steiner
symmetrization: main tools

- Integration on the level sets of u(·, y) and derivation formula give:

−
∫
{x: u(·,y)>t}

∂2u

∂x2
dx− ∂2

∂y2

∫
{x: u(·,y)>t}

u dx =

∫
{x: u(·,y)>t}

f dx

U(y, s) =

∫ s

0
u∗(σ, y) dσ

−n2ω
2
n
n s2−2/n∂

2U

∂s2
− ∂2U

∂y2
≤

∫ s

0
f∗(σ, y)dσ

−n2ω
2
n
n s2−2/n∂

2V

∂s2
− ∂2V

∂y2
=

∫ s

0
f∗(σ, y)dσ

- Maximum principle

U(y, s) =

∫ s

0
u∗(σ, y) dσ ≤ V (y, s) =

∫ s

0
v∗(σ, y) dσ
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Comparison result via Steiner symmetrization:
a different approach

u ∈ W 1,2
0 (Ω) and v ∈ W 1,2

0 (Ω#) weak solutions to respectively{
−∆u = f in Ω

u = 0 on ∂Ω ,

{
−∆v = f# in Ω# ,

v = 0 on ∂Ω# .

Ω bounded domain, f ∈ Lq(Ω), q > N
2 ,

⇓∫
Br(0)

u#(x, y)dx ≤
∫
Br(0)

v(x, y)dx r ≥ 0, for a.e. y ∈ Rm

- F. Brock, F. Chiacchio, A. Ferone, A.M., Adv. Math. 2018
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A different approach: discretization of gradient and
Laplace operator

Discretization of the gradients + Riesz Inequality + Hardy-Littelwood
equality∫
RN

∇xu(z) · ∇xw(z) dz

=
C

n
lim
ϵ→0

∫
RN

∫
B1(0)

u(x+ ϵh, y)− u(x, y)

ϵ

w(x+ ϵh, y)− w(x, y)

ϵ
ϕ(h)dhdz

≥C

n
lim
ϵ→0

∫
RN

∫
B1(0)

u#(x+ ϵh, y)−u#(x, y)

ϵ

w#(x+ ϵh, y)−w#(x, y)

ϵ
ϕ(h)dhdz

=

∫
RN

∇u#(z) · ∇w#(z) dz
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A different approach: discretization of gradient and
Laplace operator

Inequalities involving Laplacian operator∫
RN

∇u(z) · ∇w(z)dz≥
∫
RN

∇u#(z) · ∇w#(z)dz .

⇓

−
∫
Ω
∆xu(x, y)w(x, y)dxdy ≥

∫
Ω#

∇xu
#(x, y) · ∇xw

#(x, y)dxdy

−
∫
Ω
uyiyi(x, y)w(x, y)dxdy ≥

∫
Ω#

u#yi(x, y) · w
#
yi(x, y)dxdy

where u ≥ 0, u ∈ C2(Ω) ∩ C(Ω̄), u = 0 on ∂Ω, w# ∈ W 1,∞
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A more general Pólya-Szegő inequalities

Ω be a bounded domain of Rn, u ∈ W 1,p
0 (Ω), 1 ≤ p < ∞,

W : (0, |Ω|n)] → R be a nonincreasing function belonging to
W 1,p(a,Ln(Ω)) for every a > 0, such that W (|O|n)) = 0

−W ′(s) ≤ C(−u∗)′(s) for a.e. s ∈ (0, |Ω|n)) ,

⇓

w ∈ W 1,p
0 (Ω) is the unique function satisfying w⋆ = W ⋆,∫

RN

u(z)w(z)dz =

∫
RN

u⋆(z)w⋆(z)dz

and ∫
Ω
|∇u|p−2∇u · ∇w dx ≥

∫
Ω⋆

|∇u⋆|p−2∇u⋆ · ∇w⋆ dx .
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Nonlinear comparison result for Schwarz
symmetrization

Let u ∈ W 1,p
0 (Ω), v ∈ W 1,p

0 (Ω⋆) be weak solutions to the problems
respectively{

−div
(
|∇u|p−2∇u

)
= f in Ω

u = 0 on ∂Ω ,

{
−div

(
|∇v|p−2∇v

)
= f⋆ in Ω⋆ ,

v = 0 on ∂Ω⋆

⇓

u⋆(x) ≤ v(x) for a.e. x ∈ Ω .

- Talenti, 1979
- F. Brock, F. Chiacchio, A. Ferone, A.M., 2018, for a different proof
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Anisotropic quasilinear equations : smooth case

{
−divx

(
a(|∇xu|)∇xu

)
− uyy = f in Ω = Ω1 × (0, 1)

u = 0 on ∂Ω

Ω1 ⊂ Rn open bounded Lipschtiz f ∈ Lmax{2,p′}(Ω)

a : (0,+∞) → (0,+∞) C1 function ,

tp−2 ≤ a(t) ≤ Ctp−2 p > 1,

−1 < ia ≤ sa < ∞ ,

ia= inf
t>0

ta′(t)

a(t)
, sa = sup

t>0

ta′(t)

a(t)

- I.Diaz, A.Ferone, A.M., J. Math. Anal. Appl. 2024
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Comparison result for anisotropic quasilinear
equations: smooth case

u ∈ Xp(Ω) = {u ∈ W 1,1
0 (Ω) : |∇xu| ∈ Lp(Ω), |∇yu| ∈ L2(Ω)}

and

v ∈ Xp(Ω#) = {u ∈ W 1,1
0 (Ω#) : |∇xu| ∈ Lp(Ω#), |∇yu| ∈ L2(Ω#)}

weak solutions to respectively{
−divx

(
a(|∇xu|)∇xu

)
− uyy = f in Ω

u = 0 on ∂Ω

{
−∆p,x v − vyy = f# inΩ#

v = 0 on ∂Ω#

Ω = Ω1 × (0, 1) ,Ω1 ⊂ Rn open bounded Lipschitz

⇓∫
Br(0)

u#(x, y)dx ≤
∫
Br(0)

v(x, y)dx r ≥ 0, for a.e. y ∈ (0, 1)
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